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1 Introduction 



In this paper, we consider unitary representations of an infinite symplectic group. Tfie 
group Sp{oo) we deal with here is the set of invertible operators g = 1 + A where g 
preserves a symplectic form on an infinite dimensional vector space and A is of finite 
rank. This group is essentially same as the inductive limit of the classical symplectic 
group in the sense that the latter group is dense in operator norm topology. 

First, we present a class of unitary representations of the Lie algebra sp{oo) on GNS 
spaces of quasifree states of the CCR (canonical commutation relations) algebra (= the 
infinite dimensional Heisenberg algebra). The construction of the representation is done 
in the same fashion as the metaplectic representation (Weil representation) of finite di- 
mensional groups, (c.f. 0) The representation constructed here is refered to as quasifree 
represetation. As in the finite dimensional case, our infinitesimal representations give rise 
to unitary representations of the double covering of Sp{oo). The infinite dimensional CCR 
algebra has infinitely many mutually non-equivalent representations, and we obtain a huge 
number of metaplectic representations of 5*^(00). This class of representations contains 
uncountably many irreducible representations as well as non type I factor representations. 



The theory of unitary representation for infinite dimensional groups is a field of inter- 
play between Ergodic Theory, the measure theory of infinite dimensional space, operators 
algebras, and mathematical physics, in particular, quantum field theory. So far two classes 
of infinite dimensional groups are considered. (1) groups whose matrix elements are func- 
tions: Examples are loop groups and the diffeomorphism group of the circle (See |]13[, 



and the references therein), and their higher dimensional analogue. (2) inductive limit of 



classical groups, 0(oo) or U{oo). See P], ||14| and [IT 



So far the construction of unitary representations has been carried out in two ways. 
One way is to construct measures on an infinite dimensional space quasi-invariant under 
the group in question ([[l^])- Another method is to use Fock spaces of the quantum field 
theory and unitary implementors of Bogoliubov automorphisms, (c.f. |Q and [IBH). 



Turning into inductive limit 0(oo) and f/(oo) certain representations of these groups 
are closely connected with the gauge invariant part of CAR (canonical anticommutation 
relations) algebra. In general the inductive limit procedure of compact groups yields an 
inductive limit of group C*-algebras which are approximately finite dimensional. Then 
there is a one to one correspondence of primitive ideals of the AF algebra and factor 
representations of the group. The factor representation of f/(oo) constructed on GNS 
spaces of quasifree states of the CAR algebra corresponds to the U(l) gauge invariant 
part of the CAR algebra as the quotient by the primitive ideal, (c.f. |]16[) In the same 
manner, spin representations of 0{oo) corresponds to the Z2 invariant of the CAR algebra. 
Quasi-equi valence of quasifree states for gauge invariant CAR algebras was investigated 
in [|T^, and ^ and these results leads to classification of representations of 0(oo) and 
U{oo) on GNS spaces of quasifree states on CAR algebras. 

In the same spirit, we can introduce quasifree representation (= Metaplectic or Weil 
representation) for Sp{oo) with the aid of quasifree states of the CCR algebra. However, 
there is a crucial difference. The symplectic group Sp{N) is non compact on one hand, 
and the CCR algebra is an unbounded operator algebra. The unitary representative of 
0(00) or U{oo) is an element of the gauge invariant CAR algebra while this is not the case 
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for Sp{oo). In this sense, it is not correct that classification Metaplectic representations 
reduces to the representation theory of the Z2 gauge invariant part of the CCR algebra. 
Nevertheless we succeeded complete classification of generalized Metaplectic representa- 
tions on GNS spaces associated with quasifree states of the CCR algebra. 

The main result of this paper is Theorem 7.1 where we obtained the complete clas- 
sification of quasifree representation constructed in the GNS representations associated 
with quasifree states of the CCR algebra. To achieve our object we found it necessary to 
use Modular theory of von Neumann algebra for quasifree states of CCR algebras. This 
machinery was established by H.Araki in [|l|, 0, and [Q. 

Next we mention the organization of this paper. In Section 2 and 3 we introduce 
quasifree states of CCR algebras and Fock spaces in an abstract way. 

The infinitesimal quasifree representation of the Lie algebra sp{oo) is defined in Sec- 
tion4. 

If the quasifree state of the CCR algebra is pure, the associated representation of 
sp(oo) decomposes into two mutually non-equivalent irreducible representations. This 
fact is proved in Section 5. 

Section 6 is devoted to an analysis of von Neumann algebras generated by sp(oo). 
Using results of Section 6 our main result Theorem 7.1 is proved in Section 7. 

In the final section we show that our irreducible quasifree representation is extendible 
to a projective unitary representation of a larger symplectic group Sp{P, 00) where Sp{P, 00) 
is a symplectic transformation commuting with a fixed projection P modulo Hilbert 
Schimidt class operators. This result is closely connected with another result of D.Pickrell 
in [13 1 where he introduced the notion of spherical representations and examined the same 
extension property. 



2 Quasifree Representations of CCR algebra 

We briefiy sketch GNS representations of CCR algebra associated to quasifree states. 

2.1. Definition. Let K be a complex vector space and 'j{f, g) be a non- degenerate her- 
mitian form for f,g & K. Let T be an antilinear involution satisfying = 1, 7(r/, Tg) = 
~l{9i /)• ^ self-dual CCR algebra 2t(iir, 7, F) is a complex "^-algebra generated by identity 
1 and {B{f) \ f G K} where B{f) is complex linear in f E K and satisfies B{f)* = B(Tf), 
B{fYB{g)-B{g)B{fY = ^{f,g). 

2.2. Definition. A state (p on 7,F) is a called quasifree state if 

^(i?(/l)...i?(/2„_l))=0, 

n 

ip{B[f{) . . . BU2n)) = E n V{BU.i,))BU.in+,))). 

creei=i 

6 is the set of all permutations 0/ {1, 2, . . . , n} satisfying 

or(l) < a{2) < ... < (T(n), (t(j) < (t(j = 1,2,... ,n. 

The cardinal number of (5 equals (2ri)!2^"(ri!)^^. 
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For any quasifree state 9?, let 

S{f,g) ■.= if{B{frB{g)). 

Then a positive semi-definite hermitian form S{-, ■) satisfies 

S{f,g)-S{Tg,Tf) = ^{f,g). (2.1) 

Conversely, a positive semi-definite hermitian form S : K x K C satisfying ( | 2.1D is 
given. Then there exists an unique quasifree state (ps on ^{K, 7, F) such that 

ifs{B{frB{g)) = S{f,g) 

for all f,gEK. That is to say, a quasifree state is completely specified by a positive 
semi-definite hermitian form satisfying (| 2.1|) . (See [|l|.) 

We define a bounded operator "S"' induced by a positive semi-definite hermitian form 
S satisfying ( | 2.1|) . Due to the non- degeneracy of 7, a hermitian form 

{f,g)s:=S{f,g) + S{Tg,Tf) 

is positive definite. In other words (■, ■)s is an inner product. Let Ks be the completion 
of K with respect to (■, ■)s- Then there exists a bounded operator S on Ks such that 

S{f,g) = {f,Sg)s 

for all f,g & K. Let F^ be an antiunitary involution on Ks such that F5/ = F/ for 
all f E K. The bounded operator S satisfies S* = S, F5S'F5 = 1 — 5' and < S < 1. 
75 := 25 - 1 satisfies 7(/, gf) = (/, 'ysg)s for all f,g e K. 

If the bounded operator 5 on Ks induced by a positive semi-definite hermitian form 
satisfying (| 2.1| ) is a projection, we call S a foas2s projection. 

Let (7-^5, 715,^5) be a GNS representation of CCR algebra 2l(A', 7,F) associated to 
(^95. The Hilbert space given by GNS construction is abstract, however in case that S is 
a basis projection, it can be written concretely. 

Let L be a Hilbert space and consider the Boson Fock space : 

00 

J^^{L):=^(^:L, ®°L:=C, ^ = 1, 

n=0 

1 " 

' o-g6„ j = l 

®s is the symmetric tensor product and 6„ is the set of all permutations of {1, 2, . . . , n}. 
Now we define annihilation operators b{f), f G L on Th{L) as follows : 

1 " 

h{f)h ®, . . . ®, fn := -1= ®s . . . ®s ®s fj+l . . . ®s /n, 

6(/)vI/:=0 

and creation operators h\f)^ f G L on J-'h{L) as follows : 

b\fi)f2 ®s . . . ®s := + 1/1 ®s . . . ®s /n+l, 
6t(/)M/ := /. 
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2.3. Lemma. Suppose that S : Ks — > Ks is a basis projection. 

(1) {f),b{g), f, g G SKs are closable operators. Let A be the closure of operator A. 
The finite particle vector subspace of J-'h{SKs) is a core for all b^{f),b{g), f, g G 
SKs. 

(2) Due to (1), we can define the addition and multiplication of creation and annihila- 
tion operators on the finite particle vector subspace of J^]j{SKs). Let ^ccniSKs) 
be a *- algebra generated by all annihilation and creation operators. Let a{S) : 
2l(i^r, 7,r) ^ccniSKs) be a *-homomorphism satisfying the following relation : 

a{S){B{f)):=bHSf) + b{STf)JeK. 

Then {J-'h{SKs),a{S),'^) is a * -representation of CCR algebra 2t(-ft', 7,r). More- 
over, it is unitary equivalent to the GNS representation (7-^5, vr^, fig). 

Proof (1) See chapter X section 7 of [l^. (2) An unitary operator u : Hs J-'h{SKs), 
7isiX)ns ^ satisfies u*a{S){X)u = TisiX) for all X e 2l(is:,7,r). | 

By Lemma p.3| , we call tts a Fock representation and (ps a Fock state if 5* is a basis 
projection. In case that (ps is a Fock state, we have the following important lemma. (See 
Lemma 5.4 and 5.5 of [|l|.) 

2.4. Lemma. Suppose that S : Ks — > Ks is a basis projection. 

(1) 7!'s{B{f)), f G ReK is an essentially self-adjoint operator and set 

Wsif) := exp (insW)') . 
Then Ws{f) satisfies the following relations : 

Wsifi)Wsif2) = exp (-^7(/i, /2)) Wsifi + /s). 

(2) If f & ReKs, we define Ws{f) via the following limit 

Wsif) := s- hm Wsifn) (2.2) 

n— >oo 

where {fn} is a sequence in ReK satisfying ||/ — /n|| —* 0. Note that the limit ( | 2.2| ) 
does not depend on the choice of {fn}- 

(3) Let ReKs '.= {/ G Ks jL^/ = /}. The restriction of {■,-)s to ReKs is an inner 
product of ReKs. f ^ W^s(/) is continuous with respect to the norm on ReKs and 
the strong operator topology of bounded operators on Hs- 

(4) Let L be a subspace of ReKs- Let L"^ be the set of vectors f G ReKs such that 
{f,jsg)s = for all g E L and let L be the closure of L in ReKs. Let lZs{L) be 
a von Neumann algebra generated by Ws{f),f G L. Then we obtain the following 
relations : 
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(i) ns{L) = n(L), 

(ii) 7^5(L)' = 7^5(LV), 

(iii) {TZsiL,) U TZsiL^)}" = TZsiL, + L^), 

(iv) 7^5(Ll)n7^5(L2) =7^5(I7^I^). 

We introduce an another hermitian form 7s on Kg © Kg via the following relation : 

7s(/i © 9u f2 © 92) ■■= (/i, lsf2)s - (gu 1392)3 

for all /i, gi G Kg. Set := Tg © T^. Then 75 satisfies 75(15/11, 15/^2) = -75(^1, ^2) for 
all hie Ks® Kg. 

P3{fi © /2, ^71 © 92) := (/i, 5/2 + VS{1 - S)g2)s + {91, VS{1 - S)f2 + (1 - S)g2)s 
is a positive semi- definite hermitian form on Ks © Ks satisfying 

P3ih, h2) - Psifsh2, Tsh) = 75(/ll, h2). 

We denote the completion of Ks © Ks with respect to the inner product {hi,h2)pg : = 
Psih, h2) + P5(f 5/^2, f 5/^1) by iTp^. 

2.5. Lemma. The hounded operator Ps on Kp^ satisfying Psihi,h2) = {hi, Psh2)pc; for 
all hi G Ks © Ks is a basis projection. 

Proof. Let D('jg^) be a domain of 75^. By the non-degeneracy of 7, Dl^jg^) is a dense 
set of Ks. Let 75(/i © ^1, /2 © ^2) = (/i ®gi,h® k)p,. Then 75/2 = /i + 2^S{1-S)k, 
-7392 = 2^/5(1 - S)h + k. If /2,fi'2 e ^(75^), we have 

7ps(/2 ®g2) = h®k = 7^i(/2 + 2v/5(l-S)(72) © -75'(V'5(l-5)/2 + (?2). 
By P5 = i(7Pg + 1), P5 is written explicitly on Di^jg^) © Z}(75r-'^) as follows : 

P3{f ®9)= Is'iSf + ^/S{l-S)g) © -^g\y/S{l-S)f + (1 - S)g). 
It is easily checked that Ps is a projection on Kp^. I 

Remark. Let L be a dense set of Ks with respect to (■, ■)s, then L©L is a dense set of 
Ks © -ft's with respect to (■, ■)pg. Indeed, for any f ® g e Ks © Ks, there exist /„, gn & L 
such that II /n — / II5, II S'n — \\3^ 0(r2 ^ 00). By the following equation 

II / © ^? fps = \\ + ^^^9 III + II v^T^/ + ^9 III, (2.3) 
we have || (/„ © gn) - {f ® g) Wpg-^ 0(n 00). 

By Lemma p75| , y^p^ is a Fock state on CCR algebra ^{Ks © -ft'5,75,r5). We de- 
note a GNS representation of CCR algebra 21(^5 © ^5, 75, 1^5) associated to ippg by 
(TCpgyTTpgjQpg) . TLc foUowlug corol^ry is a consequence of the direct application of 
lemma ^.41 to Fock representation (T^pg, vrp^, fipg). 

2.6. Corollary. 7^P5(Reir5 © 0)' = 7^p^(0 © Rei^s) and TZp^iReKs ®0) is a factor. 
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2.7. Remark. Let a : 2t(-ft', 7, F) '^{Kg © Ksi^Si'^s) be a *-homomorphism defined 
by a{B{f)) = B{fQ)0) and : Hs — ^ T^Pg be a linear operator defined by Ua{'n's{A)^s) = 
7rpg(a;(A))fipg for all A G 7,r). Then preserves the inner product. In fact, since 
(fPg and (fs are quasifree states and 

ifPsiBif © OyBig © 0)) = Psif ®0,g®0) = Sif, g) = ^s{B{fyB{g)) 

for all f,g e K, we have (ppg{a{A)) = fs{A) for all A G 2l(i^',7,r). If X and y are 
elements of 2t(K, 7, F) and set A := X*F, then 

{u^7Cs{X)Qs,Uo.7rsiY)Qs) = fPs{a{X*Y)) = Vs{X*Y) = {'Ks{X)Qs,7^s{Y)ns) • 

If we identify UcJis with Hs, 'Hs is a closed subspace of Tip^ and ?-^5 = J-']j{Ps{Ks © 0)). 
Moreover, since UaT^si^) = '^Psi'^{^))'^a on D^tts) := 7r5'(2l(i^r, 7, r))^^, we can identify 
TTsiA) with 7rp^{a{A))\D{7rs) for all A G 2l(ir,7,r). 



3 Fock Space and Exponential Vectors 



In Remark ^Tfj Hs is regarded as a closed subspace of Hp^. We explain the point in 
detail. 

Let Li, L2 be Hilbert spaces and L := Li © L2 and e{u) := X]-^o(^/^) ""^ ®s all 
u & L. We call e(u) an exponential vector. 

3.1. Lemma. If ui G Li and U2 G L2, then there exists an unique unitary operator 
U : J-'h{L) — > .Fb(Li) ® Ji3(L2) such that Ue{ui + M2) = e(ui) ® e{u2). This shows 

.Fb(L) = J-b(Li)©.Fb(L2). 

(See chapter II section 19 of |[12[| .) 



3.2. Lemma. P^^p, = [P5(^5©0)]©[0©^5({0})i^5] = [i"5(0©i^5)]©[£^s({l})^5©0] 
where Es{B) is the spectral projection of S for a Borel set B G H. 

Proof. The restriction of (■, ■)pg to PsKp^ is an inner product of PsKp^. Let [Ps{Ks®Q)]'^ 
be the orthogonal complement of Ps{Ks © 0) in PsKg. Let m © G [Ps{Ks © 0)]-^, then 
we have 

= © t;, PsU © 0))p, = {Su + V^(l-5)i;, /)5 

for all / G 7^5- This implies ^fS{^u +yi^ v) = 0, i.e. Su + VT^v G Es{{0})Ks. 
By P5(u © i;) = u © and 7^^ = -1, Vl - 5 = 1, = on E5({0})ir5, we have 

M © = P(u © t;) = © {VSu + Vl - Sv). 

Thus M = 0, w G E5({0})/s:s. We obtain [Ps{Ks © 0)]^ C © Es{{0})Ks- Converse 
relation is seen from direct computation. I 
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From Lemma T/L, Lemma J72 and Remark 27?, we obtain the factorization of the Fock 
space : 



Cg ■= jFb(0 © Es{{0})Ks). In particular, if < 5 < 1, then 
Let L be a Hilbert space and 



(3.1) 



KiL) := ®l-L, J--(L) := ©f+^L. 



n=0 



n=0 



We call J-'^{L) the even part of the Boson Fock space Th{L) and J-'^ (L) the odd part of 
the Boson Fock space J-'h{L). 

3.3. Lemma. Let 



e 

71=0 



,,2n 



x2n+l 



U 



for all u E L. Let uj G L, j = 1,2, . . . , N , N G N satisfy Ui ^ ^ j). Then 

{e'' {uj)}jLi IS linearly independent. Moreover, {e"{u) \ u E L} generates J^^{L) where 



a 



If 

or — 



Proof. First, we prove the linear independence of {e+(uj)}^i. Let X]j=i"j^ k^-jj 



a.ie^{u,i 



0, aj G C 



We have = (^e+(x),^ 
If there exist ^ j) such that {x,Ui)^ 



N H 
j=l (^j^ 



XljLi cosh(a;, Mj) for all x G L 
)^ for all X G L, then Ui 



[X, Uj 



Uj or 



-Uj. Thus there exists Xq G L such that {xo,Ui)'^ ^ {xQ,uff for all i,f{i ^ j). Let 



X = zxo, z E C, Pj := {xo, Uj), then we have '^j cosh{P jz) = for all z E C. By the 

2k th differential ajP'j'' cosh.{Pjz) =0, k = 1,2, . . . , N — 1, we have 



1 



/3I 



1 

<2 

N 



2{N~1) MN-l) 



/3] 



2{N-1) 
N 



J 



( ai cosh(/3i2;) ^ 
a2 cosh(/322:) 

y aN COsh(/5Ar2;) y 







(3.2) 



for all z G C. Since the matrix of the left hand side of ( | 3.2|) is a Vandermonde matrix 



and 7^ /3|(i 7^ j), its determinant does not vanish and we obtain aj cosh.{l3jz) = for 
all z G C and j. Therefore, aj = for all j. Linear independence of {e^ {uj)}^^^ is verified 
by putting "sinh" to the place of "cosh" in the above proof. 

We prove the second part of this lemma. The case of {e~^{u) | u G L} is the same as 
the proof of Proposition 19.4 of |]12|. Since J-'h{L) is generated by exponential vectors 
e{u),u G L and e{u) = e~^{u) Q)e~{u), {e~{u) \ uE L} generates J-'^{L). | 



3.4. Lemma. Let Li, L2 be Hilbert spaces. Then there exist unitary operators U+,U- 
such that 



U+ : J-+(Li © L2) ^ [J-+(Li) © .F+(L2)] © [.F-(Li) © J--(L2) 

U+e+{xi © X2) := [e+(xi) © e+(x2)] © [e"(xi) © e"(x2)] 



(3.3) 
(3.4) 
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and 

: ^b"(Li © L2) ^ ® ^b~(^2)] © [^b"(^i) ® -^b+(^2)], (3.5) 

f/_e+(xi © X2) := [e+(xi) ® e~(x2)] © [e"(xi) © e+(x2)]. (3.6) 



Proof. Let f/ be the unitary operator determined by Lemma Let f/o- := f/|jF^(Li©L2) 
where cr = + or —. For all Xi,yi G Li and X2, 1/2 G -^^2, 

([/+e+(xi + X2), U+e+{yi + 1/2)) = {Ue+{xi + X2), Ue+{yi + 7/2)) 

= (e+(xi + X2), e+(?/i + 7/2)) 
= cosh((a;i,yi) + (^2,1/2)) 

= cosh(xi, yi) cosh(x2, 1/2) + sinh(xi, yi) sinh(x2, 2/2) 
= (e+(a;i),e+(yi)>(e+(a;2),e+(i/2)> 

+ (e"(xi), e"(?/i)) (e"(x2), e"(y2)) 
= ([e+(xi) © e+(x2)] © [e-(xi) © e-(a;2)], 

[e+(yi) © e+(i/2)] © [e"(yi) © e-(i/2)]> 

and 

^+(Li © L2) © ^b"(Li © L2) = J^kiLi © L2) 

= J^b(i^l)©J^b(^2) 

= [J-+(Li) © J--(Li)] © [J-+(L2) © J-b^(L2)] 
= [^+(Li) © ^+(L2)] © [J-b"(Li) © J--(L2)] 
© [^+(Li) ©^b"(^2)] © [-Fb-(Li) ©^b+(L2)]. 

Thus [/+ is the unitary operator satisfying (| 3.4| ). It is proved similarly that f/_ is the 
unitary operator satisfying ( | 3.6| ). I 

Let := T^PsiKs © 0)), := ^^"(0 © Esm)Ks). ■= ^PsKps) where 
cr = + or — . From the argument to the above, we obtain the following relations. 

nl^ = {nt®ct)®{n-s®c-s), = (hJ©/:^) © (^^ ©/:j). (3.7) 



4 Quasifree Representations of 5^(00) 

Let K he a, complex vector space and jif^g) be a non-degenerate hermitian form for 
f,g & K. Let F be an antilinear involution satisfying F^ = 1, 7(F/, Tg) = — 7((7, /). Then 
we denote finite rank operators on K satisfying FifF = —H and H'^ = H hj sp{oo). W 
is defined by ■y{H^f,g) = 'y{f,Hg) for all f,g E K. By the non-degeneracy of 7, W is 
well-defined. We call H G sp{oo) a Hamiltonian. sp(oo) is a Lie algebra endowed with 
the Lie bracket i[H, H'] := i{HH' - H'H). 

4.1. Lemma. Let Ki he a finite dimensional subspace of K. Then there exists a F- 
invariant finite dimensional subspace Kf such that Ki C Kf and the restriction of 7 to 
Kf is non- degenerate. 

Proof. By the existence of the basis {cj}"^^^ of Kf satisfying 

Vcj = Cj, J = 1, 2, ... , 2/c, 
7(e2j-i,e2j) = 2, j = 1,2,... 
7(q, ev) = 0, (/, /') ^ (2j - 1, 2j), (2j, 2j - 1), j = 1, 2, . . . , 

this lemma is proved. (See Lemma 4.1 of 0.) I 
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4.2. Lemma. For any Hamiltonian H G sp{oo), there exists fj,gj G (HK)"^ such that 
Hf = Ef=ili9jJ)f,for allfeK. 

Lemma |4.2| is verified immediately by using linearly independent vectors {ej}|^]^ of 
[HK)"^ given by the proof of Lemma [4.1| . In fact 

2k 

Hf = i ^{-f{He2j, f)e2j-i - 7(^62^-1, f)e2j} 
j=i 

for all f eK. 

For any H G sp(oo), we can define a second quantization of Hamiltonian, called a 
bilinear Hamiltonian, q{H) as follows. 

4.3. Definition. H G sp{oo) satisfies Hf = Yl!j=il{9j^ f)fj /^'^ f ^ K. Then 

Note that the choice of fj,gj is not unique for H G sp(oo). However, q{H) is indepen- 
dent of the choice of fj,gj, only depends on H E sp(oo)(Lemma 4.4 of 0). 

g is the map from Hamiltonians to bilinear Hamiltonians and satisfies i[q{H), q{H')] = 
q{i[H, H']). Thus qs := its o q is a. representation of sp{oo) on Hs- q, the map from 
Hamiltonians on Ks © Ks to bilinear Hamiltonians in ^{Ks © Ks,'ys, ^s), is defined as 
well as q : sp(oo) — > 2t(iir, 7,r). Let gp^ := npg o g, qp^[H) := qpg{H © 0), then gp^ is a 
representation of sp(cx)) on Tipg. 

4.4. Definition. (1) A "^-representation {Tiiir) of sp{oo) is called a regular represen- 
tation if the following two conditions hold : 

(i) i[TT{H),TT{H')] = 7i{i[H, H']) on a dense set TYq of Hilbert space Ti. for all 
H,H' G sp{(X)). 

(ii) vr(if) is an essentially self-adjoint operator on 7{q for all H G sp(oo). 

(2) Let {TijjTTj), j = 1,2 be regular representations of sp{oo) and A4j denotes a von 
Neumann algebra generated by exp{i7rj{Hj), H G sp{oo). Then two representations, 
(7^1, TTi) and (7^2, 7r2), are quasi- equivalent if there exists a ^-isomorphism of von 
Neumann algebras l : M.i — > M.2 such that L{exp{i7ii{H))) = exp(i7r2(i?)) for all 
H G sp(oo). Then we write vti ~g tt2- Moreover, if tti and 1^2 are unitary equivalent, 
then we write tti ~ 112 simply. 

Since all qs{H) are essentially self-adjoint operators on D^ns) := 7!'s{^{K,'y,T))Qs, 
(J^s^qs) is a regular representation of sp(oo). Similarly, since all qpg{H) are essentially 

self-adjoint operators on Dijip^) := np^iJ^^Ks © Ks,'ys,^s))^Psy O^Ps^^Ps) ^ regular 
representation of of sp(oo). Let 

Qs(i^) := exp (z^^) , Qpg{H) := exp (zgp,(^)) , Q p^^H) := Q p^^H ® 

and 

Ms ■■= {Qs{H) I H G sj9(oo)}", TWp, := {Qp,{H) \ H G sj9(oo)}". 
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4.5. Lemma. Qp^^H) = Qs{H) (g) l^,, where l^g is the identity operator on Cs- 
Proof. Due to Remark p.7| , we obtain 

UaQs{H) = Qpg{H)Ua 

for all H G sp(oo). By ( | 3.1| ) and ( | 4.1|) , this lemma has been verified. 



(4.1) 



Remark. The following relation is verified quite similar to Lemma : 



(4.2) 



where Ws{f) '■= W^Ps(/ © 0)1^5 for all / e Rein's and Icg is the identity operator on £5. 

In Lemma 5.1 of pf, the following relation has been proved : If P is a basis projection 
on K, then 



Qp{H)WpU)Qp{Hr = Wp(e^^/) 



(4.3) 



for all / G Rei^ and H G sp{oo). Due to Lemma and ( | 4.2| ), the relation ( | 4.3| ) implies 
the following result : For the general S, we have 

QsiH)Wsif)QsiHr = Wsie'^'f) (4.4) 

for all / G ReK and H G sp{oo). 

Since Qs{H)n"s C and Qps{H)n% C 7^^^ where d = + or -, 

QUH) := g5(^^)|H?, gp,(i^) := QpsiH)\n''p^ 

are bounded operators on and Hp^. We denote the restriction of qs (resp. qp^) to Ti^ 
(resp. Ti-p^) by (resp. gp^) and let 

M'-s := {g5(^) I H G sj9(oo)}", := {Q^p^iH) \ H G sp(oo)}". 

Let Til, be Hilbert spaces. Then a bounded operator A onTii® 0.2 is written in 
the form of matrix like this : 



A 



An Au 
A21 A22 



We can verify the next lemma immediately. 
4.6. Lemma. For all H G sp{oo), 



QpsiH) 





Qs{H)0l_ 

g+(i7)®i_ 

Qs{H)^l^ 



where l^- is the identity operator on Cg . 

If 5 is a basis projection, we call qg a Fock representation of sp{oo) on Ti^. 
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5 Structure of Fock Representations of sp{oo) 

In this section, we assume that 5" is a basis projection. 

5.1. Lemma. Assume that Ks — K. Let Ss be the set of all C.O.N.S. of SK. 

(1) Fix e = {e„}„eN e Ss- Then {e„, TenjneN is a C.O.N.S. of K. 

(2) Forg,heK, 

Hghf := 7(^, f)h + l{h, f)g + ^{Tg, f)Th + ^{Th, f)Tg, f e K. 
Hgh satisfies THghT = -Hgh, H^^ = Hgh. Let 

H{e; 1, k, I) := He^^en H{e; 2, k, I) := i^efc.rep 
H{e; 3, k, I) := Hi^^^^v H{e; 4, k, I) := i^ie^.rer 

Then sp(oo) is real-linearly spanned by H{e;j,k,l), 1 < j < 4, /c, Z e N, e e Ss- 
Moreover, 

q{H{e; 1, k, /)) = fi(efc)S(eO* + 5(^)5(6^)* + 5ki, (5.1) 

g(i/(e; 2, A;, /)) = 5(efc)*5(Q)* + 5(efc)5(eO, (5.2) 

g(/7(e; 3, k, /)) = 2[5(efc)5(ez)* - 5(ez)5(efc)*], (5.3) 

g(i/(e; 4, A;, /)) = t[B{ek)B{ei) - S(efc)*5(eO*], (5.4) 

Proof. (1) obvious. (2) For all H e sp(oo), there exist fj,gj G {HK)* such that if / = 
Ef=i l{gv f)fr Let {ej;ili be a C.O.N.S. of S{HK)*. Then 

M M 

X = ^(e„, x)sen + (re„, x)5re„ = 7(e„, x)e„ - 7(re„, x)re„ 

n=l n=l 

for all X e (HK)"^. In particular, let x — fj, gj, then we have 

M 

= Yl ^' 07(efc, f)ei - a{2, k, l^iTek, f)ei 

k,l=l 

+ q;(3, k, IhiVck, f)rei - a{A, k, 1)^(6^, f)rei}. 

a{j,k,l) is defined as follows : 

a{l, k, I) := Y.f=i 7(efe, Qjhiei, fj), 
a{2, k, I) := Y.f=i li^^k, gjhiei, fj), 
a(3, k, I) := J^J^i 7(refc, gj)7{Tei, fj), 
a{4, k, I) := Y^f^^ 7(6^, gj)-f{Tei, fj). 
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By l{Hf, g) = -f{f, Hg) for all f,g e K, a{j, k, I) satisfies 



a{A,k,l) = a{2,l,k), (5.5) 



a{l,k,l) = a{l,l,k), (5.6) 



a{3,k,l) = a{3,l,k). (5.7) 



In fact, if / = Cfc and g = Tei, then we have (| 5.5|) , if / = and g = e/, we have (| 5.6|) , if 
/ = Fcfc and g = Tei, we have ( | 5.7| ). 



On the other hand, by THT = —H, a{i,j, k) satisfies 



a(3, /c, /) = «(!, /c, /), (5.^ 



a(4,A;,/) = a(2,fc,/). (5.9) 
Now let e denote a C.O.N.S. of SK satisfying e D {en\n=i- By ( | 5.5|) — ( | 5.9|) , we have 



H= Hie;k,l) + ^ Yl Hie;k,k), 

l<k<l<M l<k<M 

H{e; k,l) : = Re[a(l, k, l)]H{e; 1, k, I) - Im[a(l, k, l)]H{e; 3, k, I) 

- Re[a(2, k, l)]H{e; 2, k, I) - Im[a(2, k, l)]H{e; 4, k, I). 

Thus sp{oo) is real-linearly spanned by all H{e]j, k, I). I 

5.2. Lemma. (1) Qs 'is a cyclic vector for M^- 

(2) For any ei G SK, T[s{B{ei))VLs « c?/c/zc vector for M.'^- 

Proof (1) Fix e = {en}n=i e ^s- By ([5j) and ([Sj), we have 

g5(i^(e; 2, fc, /)) + ^^^^(^^(e; 4, A;, /)) = 27r5(5(e,)5(Q)) 

for all /c, /. Since is linearly spanned by elements ^ TXs{B{ek)B{ei))VLsi is a cyclic 
vector for 

(2) Fix e := {en]n=i e ^5- By ( [XID and ([Sj), we have 

g5(i^(e; 1, k, I)) + i'\s{H{e; 3, A;, /)) = 27r5(5(efe)5(Q)*), k^l. 

Since 

{gs(i^(e; 1, A;, 1)) + i-^qs{H{e- 3, A;, 1))}t, s{B{e{))^s = Tis{B{eu))^s (A: > 2), 

is generated by -ns{B{ei))VLs and all qs{H{e;l,k,l)), qs{H{e;3,k,l)). Therefore 
'n's{B{ei))fls is a cyclic vector for TM^. I 

5.3. Lemma. (1) Let 

D{Ns) := |e = ©:r=oe^"^ e 7^5 I e^"^ e ^:SKs, fjn^ || ^^^^ f < ooj , 

(iV50^"^:=<^"\ eeZ^(iV5). 



r/ien the number operator Ns is an essentially self-adjoint operator on the finite 
particle vector subspace of Hs- 
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(2) a{Ns) = ap{Ns) = NU{0}. 

(3) e Ms- 

Proof. (1) and (2) are well-known facts. 

(3) Fix e = {e„} e £s- For A C N, #A < cx), we define A^a := ^j^AT^s{B{ej)B{ej)*). 
Since A^A + f #A = ^ Z^AteA 1s(H{e; 1, A;, /c)), A^a + |#A is an essentially self-adjoint oper- 
ator on the finite particle vector subspace of Tis and exp(iAA) & M.s- Since 

NATTsiBie,,) . . . B{e,J)ns = I ^a, = e,}7is{B{e,,) . . . B{e,J)ns, 

we have 

eMiNl)^s{B{ex,)...B{exJ)ns 

= exp I J2 #{k I ca, = ej} j 7r5(S(eAj . . . B{ex„)ns. 
\ jeA J 

If A ^ N U {0}, then ^^.^^ #{A; | ex, = e,} ^ n. Thus 

s- lim exp{iNA)7rs{B{exi) . . . B{exJ)fls = exjp{in)7rs{B{ex,) ■ ■ ■ B{exJ)fls 

A-»NU{0} 

= exp(i]V5)7r5(S(eAj . ..B{exJ)ns. 
This shows that exp(iA5) = s- limA-+Nu{o} exp(iAA) € A^^. I 

5.4. Lemma. acts irreducibly on Tig. 

Proof. Assume that Tio is a non-zero intersection of 7W ^-invariant closed subspace of Tig 
and the finite particle vector subspace of Tig. The spectrum a{Ns\'HQ) is contained in 
a{Ns\Hg) = 2N U {0} due to the invariance of Hq under J^s- Let Aq := min(T(A's'|7Yo)- 

If Ao = 0, we have Qs e 'Ho- Thus TC^ D M^H^ D M'^Cts = 'Hj. This shows that 
A4g acts irreducibly on Hg. 

If Ao = 2, there exists ^ G T^o such that Ns^ = 2^, ^ G O^SiT. Then wc can show that 
there exist j, A; e N such that T:s{B{ejy)T:s{B{ek)*)i is a non-zero element of Hq. Since 

7r5(S(e,)*S(efe)*)Ar5 = Ns7rs{B{ejyB{eky) + 27r5(S(e,-)*S(efe)*), 

we have 

Ns7rs{B{ejyB{ekr)C = {7Ts{B{e,yB{ekr)Ns - 27r5(i?(e,)*i?(efc)*)K 

= 7rs{B{ejyB{eky) ■ 2^ - 27r5(5(e,)*5(efe)*e 
= 0. 

This shows TTs{B{ejyB{eky)C E C^s and we have Aq = 0. This is contradiction. Thus 
Ao 7^ 2. Moreover, Ao 7^ 2n, n = 1, 2, ... is proved by induction. 

The case of /Ag is quite similar. I 

5.5. Lemma. Two representations qg and qg are not quasi- equivalent. 
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Proof. By the irreducibility of A^^' suffices that and are not unitary equiva- 
lent. Suppose that there exists an unitary operator V : Hg such that VQg{H) = 
Qs{H)V for all H G sp{oo). Since the left hand side of VQ^{tH)Vts = QsitH)Vns, t G 
R is differentiable at t G R, the differential of the right hand side make sense and 
the domain of qs{H) contains Vfls- Now let H = H{e]l, k,l) and H{e]3, k,l), then 
we have it s{B{ek)B{ei)*)VQs = V'7is{B{ek)B{ei)*)Qs = for all k,l. Therefore, since 
ns{B{ei)*)VQs = for all /, we obtain Vfls = 0. This is contradiction. | 



6 Structure of non-Fock Representations of sp{c)o] 

In this section, we assume that S is not a basis projection. 



Lemma 6.1 is a well-known fact. 



6.1. Lemma. Let M. be a von Neumann algebra on a Hilbert space of Ti and E E A4' 
be a projection. Let C{M) := M n M' and Me = {Qe\Q e M}, Qe ■= QlEH. 
Then the map l : Ai 3 Q ^ Qe E M.e is a *-homomorphism and continuous with 
respect to the strong operator topologies. Moreover l is a "^-isomorphism if and only if 
C{E) := mm{F G C{M) \ F > E, F^ = F* = F} = 1. 



6.2. Lemma. Let E^ be a projection of Tis on Tig. {E^ is a element of M's-) Then 
C{Ej^) = 1. Therefore, qs, q^ and q^ are all quasi-equivalent. 

Proof. By Lemma [Ol , we prove that C{E+) is the identity operator on Hs- Since 
C{E+)\TCg is the identity operator on H^, we have only to show that C{E^)\Hg is 
the identity operator on Hg. We claim that 

C{E+)7rp^{B{g © 0))^]p, = 7rps{B{g ® 0))np, (6.1) 

for all g G Kg. 

(i) The case of g G ^g( (0, l))Ks. 

Let g' := ^^{1 - S)-^Sg for g G Es{{0, l))Ks n ^((1 - 5)"^). {D{A) is the domain 
of operator A.) g' is an element of -^^((O, l))-^'^ and satisfies Ps{g © 0) = Ps(0 © g') and 
npg{B{g © 0))^Pg = vrpg(E(0 © 5''))^Ps- Thus it suffices that 

CiE+)7rp^^{B{0®g'))np^=7Tp^{B{0(Bg'))np^ (6.2) 

for all g' G Es{{0,l))Ks. Now since [q{H © 0),B{0 © g')] = for all H G sp(oo), 
C{E^) G Ms ''commutes'' with TCp^{B{0 © g'))\Hs n D{iTp^). (If a bounded operator Q 
on a Hilbert space Ti and (unbounded) operator A on a Hilbert space Ti. with a dense 
domain -0(^4) satisfy {QArj, ^) = {Qri, A*C,) for all r/, ^ G D{A), it is said that A commutes 
with Q.) Thus we obtain ( | 6.2| ). 

(ii) The case of ^ G Es{{l})Ks. 

Let / be an unit vector in Es{{0, l))Ks. Then 

7rp,(5(^©0))(]p, 

= 7Tp^{B{g © 0))7rp^{B{Ps{f © 0)yB{Ps{f © 0)))Qp^ 
= 7rp,{B{g © 0))7rp^{B{Ps{f © 0))*5(/ © 0))l]p, 
= 7rp^^{B{g © 0)B{Ts7s'Sf © 0)7rp,(5(/ © 0))f]p, 

+ np^{B{g © 0)i?(/ © 0))7rp,(i?(0 © r5(-75') V5(l - 5)/))r]p,. 
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Since 7rp^{B{g®0)B{Tsis^Sf®0))\nsnD{7[Ps) and 7^5(5(^©0)5(/©0))|7^s^Z^(7^pJ 
commute with C{E+) and Ts{—'ys^)\/S{l — S)f is an element of Es{{0, l))Ks, we can 
use the case (i) and obtain ( | 6.1| ). I 

6.3. Corollary, qg and qf,^ are quasi- equivalent. 

Proof. Qp^ is a separating vector for C{A4p^). Indeed, let 

then Oj^^Qs = 0. Since Qs is a separating vector for C{M.^), we have a+ = 0. Moreover, 
by qg (Lemma |6.2| ), we have a_ = as well. 

Let E+ : W^^ ^ 7^ J be a projection and C{E+) := mm{E G C{Mj,^) \ E^ = E* = 
E,E > Since C{E+)Qpg = Qp^ and Qp^ is a separating vector for we 



have C{E^) = 1, that is, ~g . By Lemma |6j^, we obtain 



If < 5 < 1, the commutant (A^p^)' is written explicitly by using Tomita-Takesaki 
theory and we can show that Alp^, is a factor. 

6.4. Lemma. Let < S* < 1. Then Qp^ is a cyclic and separating vector for J^p^- 

Proof. If < 5 < 1, we have already got Ttp^ = TCg and Qpg{H) = Qs{H). Thus Qpg 

is cyclic for Mp^. Since {Qp^iO © H)ilpg \ H G sp(oo)} generate Hp^ and (5p5(0 ® H) e 
(A^p^)', f2pg is cychc for (Mp^)' i.e. f2pg is separating for Mp^. I 

We define the modular conjugation and the modular operator A^^ for Aip . 

For a bijective linear (resp. conjugate linear) operator U on Ks © Ks, we define a 
*-automorphism (resp. conjugate *-automorphism) t{U) of Qi{Ks® Ks,'ys,^s) satisfying 
T{U)B{h) = B{Uh). 

Let uj{f ® g) := T sg ®T sf . The conjugate linear map Jqp^ is defined by 

Jnp^TiPs{A)np^ = ^p^{t{uj)A)Qp^, a G 21(7^5 © Ks.^sJs)- 

Let < S* < 1 and Hs := log(S'(l — 5*)^^). Let Qs be an infinitesimal generator 
defined by 

exp{ztQs)Trs{A)Qs = 7r5(r(e**^s)A)fi5, A G ^{K,j,T). 

a is defined in Remark |2^. Then ^Up,^ '■= e~®^'. Due to < 5 < 1, A^p^ is defined on a 
dense set oiTipg = Hs. (See Remark pr7[ ) 

6.5. Lemma. Let < S < 1. 

(1) r/ie restriction of Jnp^ on T^p^ zs t/ie modular conjugation associated with the pair 
{Aip^,Qpg) and the restriction of A^p^on Hp^ is the modular operator. 
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(2) Mp^ is a factor. 

Proof. (1) We obtain Jn^ QpJH)np. = AJ/^ QpJH)*np. for all H E sp{oo). For any 

^ Ps 

A G -Mpg, there exists a net {Ai^} in the linear hull of {Qpg{H) \ H G sp{oo)} such that 
y4j^ — > y4 (z/ — > oo) with respect to the strong * operator topology : 

\\{A, - A)xf + \\{A: - A*)xf ^ 

for all X G Ti-p^. Therefore we have 



{A](^^,A*np^) = lim{A](^^,A:np^) = lim{^,Jn,A,np^) = (M/, J^, Afip,) 



for all \E' in the domain of A^^^. This shows that all A*Vtpg are elements of the domain 

of Anp^. Let Tn^^ := J^p^AJ/^^, then Tn^^AQp^ = A*Qp^. for all A G Mt>,. Thus Jn^^ 

is the modular conjugation associated with the pair {Aip^, ^Ps) and A^^^ is the modular 
operator. 

(2) Qpg{H) satisfies [iypg(0 © f),Qpg{H)] = from the direct computation and this 
shows 

Up^iReKs © 0) = 7^p,,(0 © ReKs)' D Mp^ = M];^ © Mp^. (6.3) 

By Tomita-Takesaki theory we have 

{Mt.J = Jn,^Mt.^Jn,^ = {Qps{0 © H)\nt^ \ H G ^^(oo)}". (6.4) 

From the quasi-equivalence of representations qp^ and qp^, ( | 6.4|) implies that {J^p^Y is 
generated by all Qp^iO © H)\Hp^, H G sp(oo). Thus {MpJ © (Mp^Y is generated by 
all Qpg{0®H),He sp(oo). Since [Wp^if © 0), Qp^,(0 © H)] = 0, we have 

TZp^iReKs © 0)' = TZp^iO © Rei^s) 3 (-^p,,)' © (MpJ. (6.5) 

From Corollary and ( | 6.3| ) and ( | 6.5| ) , we have 

C(M+J © C(A<pJ C C(7^p^(Reir5 © 0)) = CI. 

Thus C(M+J = Cl+.(And C{Mp^) = Cl_.) , 



7 Quasi-equivalence of 

Quasifree Representations of sp{oo) 

Let & be the set of all positive semi-definite hermitian forms 5* on satisfying ( | 2.1|) . 
Now we give the main result of this paper. 

7.1. Theorem. Assume that K is separable. Let S, S' G &. Two quasifree representa- 
tions qg and gg, of sp{oo) are quasi- equivalent if and only if the following two conditions 
hold : 
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(1) The topologies induced by \\ f \\s and \\ f \\s' on K are equivalent, i.e. there exists 
/3 > a > such that a \\ f \\s^\\ f \\s'^ P \\ f \\s for all f E K. 

(2) 1 — p{S)e~^^^^ e'^'^^'^ p{S') is a Hilbert- Schmidt class operator on Ks where xi^) : = 
tanh-^2y/S{l- S) and p{S) := {2S - 1)-^\2S - 1\. 

By the equivalence of norms || • \\s and || ■ \\s', we can see a bounded operator 5" on 
Ks' as a bounded operator on Ks. 

7.2. Lemma. If a \\ ■ \\s^\\ ■ II 5'^ P II ■ II 5) there exists < a' < f3' such that 
a' II ■ ||ps<|| ■ ||pg,< f3' II ■ llpg. 

Proof. Immediate from (| 2.3|) . I 

7.3. Lemma. Let S, S' & & and the topologies induced by \\ f \\s and \\ f \\s' on K are 
equivalent. Then the following conditions are equivalent. 

(1) Ps — Ps' is a Hilbert- Schimdt class operator, 

(2) 1 — p(S)e^^^^^ e^^^''^ p{S') is a Hilbert- Schmidt class operator, 

(3) 1 — p{S')e~^^^'^ e^^^^ p{S) is a Hilbert- Schmidt class operator. 

Proof. See Lemma 6.5 of [0. I 

7.4. Lemma. Let S, S' & G be basis projections and assume that K = Ks = Ks'. 

(1) Let 6(S, S') be a non-negative hermitian operator on K satisfying sinh^ 6{S, S') = 
-{S-S'f. Let 

Ui2{S/S') := {smhe{S,S') coshe{S,S'))-^SS'{l - S), 
U2i{S/S') := -{smhe{S,S')coshe{S,S'))-\l - S)S'S, 
H{S/S') := -ze{S,S'){u,2{S/S') + U2i{S/S')}. 

Then Uij{S/S')* = Uji{S/S') and H{S/S') satisfies 

H{s/s'y = H{s/s'), rH{s/s')r = -h{s/s'), 

{iH{S/S')y =iH{S/S'). 

(* is relative to {■,-)s.) Let 

U{S/S') := exp{iH{S/S')). 

U{S/S') satisfies 

u{s/s'yu{s/s') = u{s/s')u{s/sy = 1, [r, u{s/s')] = o, 
u{s/s'ysu{s/s') = S'. 

(2) S — S' is a Hilbert- Schmidt class operator if and only if 6{S, S') is a Hilbert- Schmidt 
class operator. 
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(3) Let 9{S, S') be a Hilhert- Schmidt class operator. Then there exists an unique unitary 
operator T{S, S') E Ais such that 



TiS, S'rnsiA)TiS,S') = Trs[TiU{S/ S'))A] 

on D{tts) and 

i^s,nS.S-)as)^,.ts.(-^=^lj (7.1, 

where detsK 'is the determinant of SK. {Since 6{S,S') commutes with S, the right 
hand side of ( | 7.1| ) is well-defined.) 

Proof. (1) See Lemma 5.4 of 0]. (3) See Lemma 5.5 of 0. I 



7.5. Lemma. Assume that S, S' E & are basis projections and the topologies induced by 
II / \\s and II / \\s' on K are equivalent. If S — S' is a Hilbert- Schmidt class operator, 
then and gg, are unitary equivalent. 

Proof. Let 



Vns'{A)Qs' = 7rs{A)T{S,S')Qs, A e 2l(i^,7,r). 

Since U{S/ S'Y SU{S/ S') = S', we have ^s' = Vs ° t{U{S/S' )). Th is shows that V is 
an unitary operator from Tts' to Hs and satisfies Viis'iA) = tis{A)V on D{tis') for all 
A G 2t(K, 7, r). By VT-fgi C Ti^, the restriction of V to is an unitary operator from 
to Ws and we have VQ''s,{H) = Q's{H)V for all H e sp(oo). Thus is unitary 
equivalent to q^,. I 

The next corollary is directly seen from the above lemma. 

7.6. Corollary. // the topologies induced by \\ f \\s ^^T^d II / II 5' on K are equivalent and 
Ps — Ps' is a Hilbert- Schmidt class operator, then qp^ and g^^, are unitary equivalent. 

7.7. Lemma. Assume that S, S' E & are not projection. If 1 — p{S)e^^^^^e^^^'^ p{S') is 
a Hilbert- Schmidt class operator, then q^ and q^, are quasi- equivalent. 



Proof. Immediate from Corollary |6.3|, Lemma 17^^ and Corollary |7.(j| 



7.8. Lemma. Let S E & be a projection and S' E & be not a projection. Then 1 — 
p{S)e^^^^^e^^^ p{S') is not a Hilbert- Schmidt class operator. 

Proof. Suppose q^ ~q q^, and q^ ~q q^,. Then since q^ ~g qg and the irreducibility of 
qg, we have q^ ^ qg . However, since S" is a projection, q^ qg . This is contradiction. So 
qg qg, or qg qg,. If qg ~g qg, and qg qg,, then Ps — Ps' is not a Hilbert-Schmidt 
class operator from qp^^ ~q qg, ~q qg qp^. Thus 1 — p{S)e~^^^^ e^^^'^ p{S') is not a 
Hilbert-Schmidt class operator. The case of qg ~q qg, and qg qg, is quite similar. If 
qj ~g q-, and qj 7^^ g+, and qg 7^^ q',, we have g^^, ~g gp^, ~g g^, ~g qj 7^, g^^. Thus 

1 — p{S)e~^^^^e^^^ V('S") is not a Hilbert-Schmidt class operator. The case of g^ 7^5 g^, 
and g^ 7^^ g^, and g^ y^q qg, is trivial. Therefore, 1 — p{S)e~^^^^e^^^ ^p{S') is not a 
Hilbert-Schmidt class operator. I 
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From the above lemmas, we have the necessary condition of Theorem [7.1[ 



7.9. Lemma (Necessity of Theorem 7J.). Suppose that S, S' E & satisfy the follow- 
ing two conditions. 

(1) The topologies induced by \\ f \\s and \\ f \\s' on K are equivalent, 

(2) 1 — p{S)e~^^^^e^'^^'^ p{S') is a Hilbert- Schmidt class operator. 

Then two representations and q^, are quasi- equivalent. 



Next, we prove the sufficiency of Theorem [77 

A state ippg on CCR algebra ^{Ks © Ks,^s,'^s) can be viewed as a state on Ai^ 
satisfying (fipgiQ) := {^Ps,Q^lpg), Q G Mp^. 

Now let dimK < oo. Since Ps — Ps' is a Hilbert-Schmidt class operator, qp^ and 
qp^^ are unitary equivalent and we can identify A^p^ with A^p^, • Therefore, a state 

(fPg, on CCR algebra Ql{Ks' © Ks',^s','^s') is regarded as a state on A^p^ satisfying 
ifP^XQ) ■■= {^',Q^'), ^' ■= T{Ps,Ps')np^, Q e Mj,^, = Mt, where T{Ps,Ps') is an 
unitary operator determined by (3) of Lemma [7.4| . 

We quote the following two results to prove the sufficiency of the main theorem. 

7.10. Lemma. Let M. he a von Neumann algebra on a Hilbert space Ti with a cyclic and 
separating vector \E'. Let be a natural positive corn associated with the pair (A^,\E'). 
// $ is an another cyclic and separating vector for Ai, then $ G and only if the 

following 2 conditions hold : 

(1) J# = J^, 

(2) ($, Q+^) > for all Q+eMC} M', Q+ > 0. 

Proof See THEOREM 4 (5) of §. I 



7.11. Lemma. Let A4 be a von Neumann algebra on a Hilbert space Ti with a cyclic and 
separating vector ^> and let Vq, he the natural positive corn for ^ . Let $j G V^,{i = 1,2) 
and ^p^^ be a vector state for Then 

II <^4.i -<^4.2 ||>|| $1 -$2 f • 

Proof. See THEOREM 4 (8) of §. I 



7.12. Lemma. Let dim /sT < oo and 5, 5' G 6 &e < 5 < 1, < 5' < 1. Then 

II {^Ps - ^Ps>)\M% ||> 2 {l - detp,,,^ ( V^^) } ^^-2) 

Proof. Let Jo' and A^' be the modular conjugation and modular operator associated 
with the pair (Aip^, and let Vq^^ be the natural positive corn associated with the pair 
(Al+^,npJ. We show J^. = Jnp^ and {n',Qnp^) > for all Q G C(A1+J, Q > with 
help of Lemma [7.101 to prove fl' G Vup ■ 
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We prove the first part, Jqi = Jup^- Since we have 

[Jnp^,TiPs,Ps')] = 
(See (6.2) of 0), the following relation holds : 

Jn^Q' = Q'. 

We remark that we have already obtained the following relations 

V*Qp,iH)V = Qp^XH), 

Jn.Qp„iH)Jnp=QPsXO®Hr 



(7.3) 

(7.4) 
(7.5) 

(7.6) 

(7.7) 



where V is the unitary operator defined in Lemma [7^^. We have 

Jn'QpsiH)Jn' = Qp,iO®Hy {7.i 

from (m ), (TT^I ) and ( [TTI) . It follows 

[Jn'Jnp^,QpsiH)] = 0, 
[Jn'Jup^,Qps{0®H)] = 

for all H G sp{oo) from ( | 7.6] ) and ( | 7.^ ). Now the center C{M.Pg) of Aipg is trivial : 



Ps) 



Mj.^ 
M 



Ps 



nM', 



Ps 







Ps' 





C(7W 



Ps) 



CI. 



Thus Jn'Jnpg e C{Mpg) = CI, that is, 



Jn' = AJn. , Ag^1:={AgC I |A| = 1}. 



(7.9) 



Due to ( TT^ ) and ([Tgi, A = 1. 

The second part is verified by ( | 7.1| ) and the factoriality of A^p^ and 



n 



1 



V cosh A 



> 0. 



Aea(0(Ps,Ps,)) 

Therefore fi' G V^p^ . Now from (| 7.1|) and Lemma [7.11| and 

PsCOshe{Ps,Ps') = Ps^Jl-[^lnhe{Ps,Ps')? 

= - { Ps - PgQ^} 

= V PsPs'Ps, 



we obtain ( | 7.2| ). 
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7.13. Lemma. Assume that K is separable. Let S*, 5"G©6eO<S'<l,0<S"<l 
and the topologies induced by \\ f \\s and \\ f \\s' on K are equivalent. If Ps — Ps' is not a 
Hilbert- Schmidt class operator, then there exists T -invariant finite dimensional subspaces 
Kn of K such that 

lim II {^s„ - ^siJ\M^ 11= 2. 
Sn{f,g) is the restriction of S{f,g) to Kn. 

Proof. Since we have the inequahty (| 7.2| ), we can verify this lemma as the proof of Lemma 
6.7of§. , 



7.14. Lemma (Sufficiency of Theorem |7.1|) . Assume that K is separable. S, S' E 



& and the topologies induced by \\ f \\s and \\ f \\s' on K are equivalent. // 1 — 
p{S)e~^^^^e^^^ ^ p{S') is not a Hilbert- Schmidt class operator, then q^ and q^, are not 
quasi- equivalent. 

Proof. First suppose that < S" < 1 and < S" < 1. Then we can show q^ g^, from 
Lemma |7.13| as the proof of Lemma 6.8 of [0. Since q^ ~g q^ and q^, ~g q^, by Lemma 



6.2, we have q^ q^, as well. 

For general S and S', this proof is quite similar to Lemma 6.8 of 



8 Metaplectic Representations of Sp{oo^ P 

8.1. Definition. A bijective linear map U on K satisfies 7(f//, Ug) = 'y{f,g) and TU = 
UT. Let t{U) be a *- automorphism of CCR algebra ^{K,'j,T) satisfying T{U)B{f) = 
B{Uf). Then we call U a Bogoliubov transformation for {K,'^,T) and t{U) a Bogoliubov 
*- automorphism. The set of all Bogoliubov transformations is called the symplectic group 
and we denote the symplectic group for {K,'~f,r) by Sp{K,'-f,r). 

We define some subgroups of Sp{K,'y,T). 
Let Sp{oo) be the group generated by sp(oo) : 

Sp{oo) := {e'"\H e sp{oo)}. 

Suppose that P is a basis projection for (i^, 7,r) satisfying Kp = K. 
Let Sp{oo,P) be the set of all U G Sp{K,j,T) satisfying 

||Pf/(l-P)||H.s.<oo (8.1) 



where ||-||hs Hilbert-Schmidt norm of operators on K. ( | 8.1| ) is the sufficient 

condition of the existence of unitary representation of U. 

8.2. Lemma. Let 

dp{A,B) := ||A-P|| + ||P(A-P)(1-P)||h.s. 
for all A,Be Sp{oo,P). Then Sp{oo,P) is a topological group with respect to dp. 
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Proof. We have to show the continuity of multiphcation and inverse. Suppose that 
A, Ay, B, By G Sp{oo, P) satisfy 

dp{Ay, A) ^ 0, dp{By, B) ^ 0. (8.2) 

( I 8.2| ) says that for any e > 0, if ^ oo, then 

||Pi?.(l-P)||H.s.< ||P5(1-P)|Ih.s.+^, (8-3) 

\\By\\<\\B\\+e. (8.4) 

First we claim 

||P(A,-A)S(1-P)||h.s.-0. (8.5) 

( I 8.5| ) follows from (| 8.3| ) and 



\\P{Ay - A)B{1 - P)\\n,s. 

< \\P{Ay - A){1 - P)P(1 - P)||h.s. + \\P{Ay - A)PB{1 - P)||h.s. 

< \\P{Ay - A){1 - P)||h.s.||5|| + \\Ay - A\\\\PB{1 - P)||h.s.. 

Due to (I 8.5|) , we have dp{AyBy, AB) ^ as z/ ^ cxd. 
On the other hand, Since ( | 8.^ ), ( | 8.4| ) and 

\\P{A-' - A-\l - P)\\n.s. 

= \\PA-\Ay-A)A-\l-P)\\n.s. 

< \\PA-\1 - P){Ay - A)A-\1 - P)||h.s. + \\PA-'P{Ay - A)A-\l - P)||h.s. 

< \\PA-\1 - P)||h.s.P. - ^llll^^i + ||A;i||P(A, - A)A-\1 - P)||h.s., 

we have dp{A^^, A^^) ^ as z/ — oo. I 

8.3. Lemma. Assume that Pi and P2 are basis projections and there exist (3 > a > 
such that all/lip^ < \\f\\p^ < /5||/||p^ for all f E K and Pi — P2 is a Hilbert- Schmidt 
class operator. Then Sp{oo, Pi) = Sp{oo, P2) as a topological group. 

Proof. We have only to show the equivalence of the distance (ip^ and dp^. In this proof, we 
denote the operator norm with respect to P by ||-||p and the Hilbert-Schmidt norm with 
respect to P by |HIhs p- 0-^ this proof, the Hilbert space norm of K and the operator 
norm of bounded operators on K is same notation, however we probably does not confuse 
the two meanings.) 

\\Ax\\p /3\\Ax\\p 13 

PIIp. ■= sup < sup = ^ P . 

In the same way, we have ||A||p^ < £ ll^llpa- 
On the other hand, 

||P2A(1-P2)1|h.s.,p. 

< /3||P2f/(Pi/P2)^f/(Pl/P2)Af/(Pi/P2)tf/(Pi/P2)(l - P2)||h.S.,Pi 

< /?||t/(Pi/P2)tPif/(Pi/P2)At/(Pi/P2)t(l - Pl)f/(Pl/P2)||H.S.,Pi 
</3||^(Pl/P2)t||pJ|f/(Pi/P2)||p, 

X ||Pif/(Pi/P2)Af/(Pi/P2)t(l - Pi)||h.S.,Pi 
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and 

\\PlU{PjP2)AU{P^/P2)\l - Pi)||h.S.,Pi 

< \\PiU{Pi/P2){Pl + (1 - Pi)}AU{Pi/P2)\l - Pl)||H.S.,a 

< \\U{Pi/ P2)\\pAPiAU{Pi/ P2)\l - Pi)U.s.,p, 

+ \\P,U{P,/P,){1 - P,)U.s.,pA\U{P,/P,)^\\pM\\pi 

< ||C/(Pi/P2)||p,{||^||pJ|PlC/(Pl/P2)^(l -Pi)||h.s.,Pi 

+ \\P,A{1-P^)\\ 

H.S.,Pi \\u{p,/p,np,} 

+ \\P^U{P^/P2){1 Pi)||H.s.,pJ|f/(Pi/P2)^||pJ|^||Pi 

H.S.,Pj 

where M" is the maximum value of 

\\P,UiP,/P,)il - Pi)||h.s.,p, \\UiPi/P2y\\p^ , 
\\PiU{P,/P,)\l - Pi)||h.s.,p, \\U{Pi/P2)\\p, , 

\\U{Pl/P2)%J\U{P,/P2)\\p^. 

Since Pi?7(Pi/P2)(l - Pi) = sinh ^(Pi, P2)mi2(Pi/P2), PiU{PjP2){l - Pi) is a Hilbert- 
Schmidt class operator and M" is not infinity. Prom the above argument, 

\\P,A{1 - P2)||h.s.,p, < M\\\A\\p^ + \\P,A{1 - Pi)||h.s.,pJ 

where M' := /3 ||C/(Pi/P2)t||^^ ||C/(Pi/P2)||p^ M". 

Let M := M' + (3a-^. Then dp^{Ui,U2) < Mdp^{Ui,U2). In the same way, wc can 
show that there exists a positive number m > such that cipi(t/i, t/2) < ^dp^{Ui,U2)- 
Therefore 

mda(C/i, C/2) < dp,(C/i, U2) < Mdp,(Ui, U2). 



8.4. Lemma. Let U e 5p(oo, P) and P' := C/PC/t. 

(1) Let R{U) := U{P/P')U. Then R{U) commutes with P and R{U) is an unitary 
operator on K. 

(2) U{P/P'y is a positive and 1 + Hilbert- Schmidt class operator. 
Proof. (1) Since P' = UPW and PU{P/P') = U{P/P')P', we have 

PR{U) = U{P/P')P'U = U{P/P')UPU^U = R{U)P. 
Thus P(C/) commutes with P. Due to -f{R{U)f,R{U)g) = -f{f,g), we have 

7p = R{Uy-ipR{U) = -ipR{UyR{U). 
(* is relative to (•, •)p.) Since P is a projection and 7I, = 1, we obtain 

1 = 7p = 7p • lpR{UrR{U) = R{UyR{U). 



24 



This implies R{U)R{U)* = 1. Thus R{U) is an unitary operator on K. 

(2) Due to ( 1 8.1| ), 9{P,P') defined in Lemma is a Hilbert-Schmidt class operator. 
Indeed, we have 

\\PU{1 - P)||?j s. = tr(Pf/(l - P)U^P) (8.6) 

and 

PU{1 - P)U^P = -[sm\ie{P,P')]'^P, (8.7) 

r ■ PU{1- P)U^P -T = -[smhe{P,P')f{l- P) (8.8) 

from the direct computation. (( | 8.8| ) follows from [sinh 0(P, P'), F] = 0.) ( | 8.6| ), ( | 8.7] ) and 
( I 8.8| ) say that sinh 6'(P,P') is a Hilbert-Schmidt class operator, i.e. 6{P,P') is a Hilbert- 
Schmidt class operator. We obtain immediately that H{P/P') is a Hilbert-Schmidt class 
operator. 

Since iH{P/P') is a hermitian operator, the positivity of U{P/P') is obvious. | 

From the above lemma, U G Sp{oo,P) is written as f/ = U{P/P'yR{U) and this is 
the polar decomposition of U. 

We introduce some notations to define the metaplectic representations of Sp{oo,P). 

Let P be a basis projection and U be the element of Sp{K, 7, F) satisfying [P, U] = 0. 
(Since [P, U] = 0, U is an unitary operator.) Then the operator Tp{U) on Tip is defined 
by 

Tp{U)'Kp{A)np := 'Kp{T{U)A)Vtp, A E Ql{K, 7, F). 

Tp{U) is the second quantization of U. Since t{U) is a *-automorphism of CCR algebra 
^{K, 7, F) and ipp is a. quasifree state satisfying 

MrmBifYBig)]) = {Uf,PUg)p = if,Pg)p = MB{frB{g)), 

Tp{U) is an unitary operator on Tip. 

Let Tp(F) be an antiunitary operator on Tip defined by 

Tp{V)'np{A)Vtp = np{T{T)A)np, A e Ql{K, 7, F). 

8.5. Lemma. Let U G Sp{oo,P). Then the unitary operator Qp{U) satisfying 

Qp{U)Wp{f)Qp{Ur = Wp{Uf) (8.9) 
for all f G Rei^ exists uniquely up to := {X E C \ |A| = 1}. 
Proof. Let 

Qp{U) :=T{P,P')Tp{R{U)). 

Then Qp{U) satisfies ([Sj]). 

The uniqueness of Qp{U) follows from the irreducibility of the von Neumann algebra 
7lp{ReK). In fact, if Q'p{U) is an another unitary operator satisfying ( | 8.9| ), then we 
have 

Q'p{UrQp{U)Wp{f)Qp{UyQ'p{U) = Wp{f) 
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for all / e ReK and this shows 

Q'p{UyQp{U) G 7^p(Re/^)' = CI. 
Therefore Qp{U) is unique up to the phase factor. 



Remark. Since Qp{H) defined in the section 4 satisfies ( | 4.3|) and Qp{U) is unique up 
to the phase factor, we have Qpi^e"^) = \Qp{H), A G S^. 
Let 

Qp{X,U) := XQp{U) 

for all U G 5p(oo, P) and A G 5^. 

8.6. Definition. We denote the group generated by all Qp{X,U) satisfying 

[Tp{r),Qp{X,U)] = (8.10) 

by Mp{oo, P). We call Mp{oo,P) the metaplectic group of Sp{oo,P). 

The elements A in satisfying ( fSlOD are 1 and -1. In fact, by [L, f/(P/P')] = 
and [r,P(f/)] = 0, we have [Tp(r), T(P, P')] = and [Tp{T),Tp{R{U))] = 0. This shows 
[Tp{T),Qp{l,U)] = 0. Thus 

Tp(r)Qp(A, U) = ATp(r)Qp(l, U) = XX-'Qp{X, U)Tp{r). 

Due to (TSlOl ), AA-i = 1. Therefore A G 5^ n R = {±1}. 



8.7. Proposition. (1) The metaplectic representation Mp{oo, P) is a topological group 
with respect to the strong operator topology. 

(2) The metaplectic representation is continuous projective representation with respect 
to the topology induced by the distance dp and the strong operator topology, i.e. if 
dp{U^, U) ^ as u ^ oo, then Qp{X, U^) —>■ Qp{X, U) strongly. 

(3) Mp{oo,P) is double covering of Sp{oo,P). 

Proof. (1) This claim is easily checked. 

(2) We prove that ||{Qp(1, U) - Ij^pf if dp{U, 1) ^ 0. Since 

detp(cosh^(P,P'))^ < exp (||(coshe(P, P'))^||J 
= exp(||-P(P-P'fP||J 
= exp(||P[/(l -P)?7^P||J 
= exp(||Pf/(l-P)||H.s,)/ 

we have 

||{Qp(l, U) - l}npf = 2(1 - Re (fip, T(P, P')^^p)) 



2 1 1 - det Pi^ 



1 



\^cosh ^(P,P' 
1 



Vdetp (cosh ^(P,P')) 
1 
4 



<2<|l-exp(--||Pf/(l-P)||H.s. 
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Thus the first claim has been proved. 
Moreover, for any / G KeK, 

\\{Qp{i,u)~i}Wp{f)np\\ 

= \\{Wp{U^f)Qp{l, U) - WpU^pW 

< \\{Wp{u^f)Qp{i, u) - Wp{u^f)}np\\ + \\{Wp{u^f) - Wp{f)}^p\\ 

< \\{Qpil,U) - l}Qp\\ + \\{WpiU^f) - WpUmpW 

From Lemma QS), if \\U - 1|| ^ 0, we have \\{Wp{W f) - Wp{f)}np\\ 0. We 
obtain the relation ||{(5p(1, U) — l}x\\ for all x G Tip if dp{U, 1) — > 0. Thus we have 

||{gp(i,f/,)-gp(i,f/)}x|| -^0 

for all X G T^p if dp{U^, U) 0. 

(3) Let fp : Mp(oo, P) Sp{oo, P) be a group homomorphism defined by 

fp{Qp{X,U)) = U, UeSp{oo,P), Ag{±1}. 

Then fp is a covering map and ker(/p) = {Qp{—1, l),Qp(l, 1)}. Thus 

Mp(oo,P)/ker(/p) ~ Sp{oo,P), 

that is, Mp{oo,P) is a double covering of Sp{oo,P). I 



8.8. Lemma. Let Mp{oo, P)fi^ be the group generated by Qp{X,e^^), H G sp(oo). Then 
the closure of Mp{oo, P)tin with respect to the strong operator topology is Mp{oo, P). That 
is, for any U G Sp{oo,P), there exists a net {t/^} in Sp{oo) such that 

s- lim Qp{X,U^) = Qp{X,U). 

Proof. T{P, P') is written as 

T{P,P') = s- lim Qp{H{P/P')Fn) = s- lim Qp{l,U{P/ P')Fn) 

n—foo n—*oo 

where Fn is the spectral projection of a positive Hilbert-Schmidt class operator 6{P, P') 
for the open interval (-, oo). (See the proof of Lemma 5.5 of [^.) 

On the other hand, since R{U) is an unitary operator on K, there exists a hermitian 
operator H on K such that R{U) = e*^. Since the set of all finite rank operators on K is 
dense set of all bounded operators with respect to the strong * operator topology, there 
exists a net {A^} such that is a finite rank operator and A^ H (strong * operator 
topology) as u ^ oo. Let A^, := ^{A'j^ + {A'^)*). Then A^, is a finite rank hermitian operator 
and A^ ^ H (strong operator topology) as z/ oo. Let := PA^P + {1 — P)A^{1 — P). 
Then H'^ is a finite rank hermitian operator and commutes with P. Moreover, H 
(strong operator topology) as z/ — oo. In fact, for any x & K, 

\\{K-H)x\\p 

< \\{PA,P - PHP)x\\p + ||((1 - P)A,{1 - P) - (1 - P)H{1 - P))x\\p 

< \\{A, - H)Px\\p + \\{A, - H){1 - P)x\\p 
0(z/ oo). 
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Let := \{Hl — Fif^F). Then if^ is contained in sp(oo) and satisfies [P,H^] = 
and Hy H (strong operator topology) as z/ — oo. This shows e^^" G S'p(oo) and 
s- hnijy^oo e*''^" = R{U). Moreover, 

s- hm Tp{e'"-')Wp{f)np = s- hm Wp{e'"- f)np 

= Wp{R{u)f)np 

= Tp{R{U))Wp{mp 

for all / G ReK. Thus 

s- lim Qp(l,e^^-') = s- lim Tp{e'"^) = Tp{R{U)) = Qp{1,R{U)). 

I/— >oo u^oo 

Now let Uf, := f/(P/P')^F„e^-^- where fi = {u,n). Then 

Qp(l,f/^) = Qp{l,U{P/PyFn)Qp{l,e''''') 

and 

s- lim Qp{l,U^) = Qp{l,U). 



Let Qp{X, U) be the restriction of Qp{\, U) to where a = + or — . 
We obtain the following proposition immediately from Lemma 17^ and Lemma p]8 



8.9. Proposition. Suppose that K is separable. Let Pi and P2 be basis projections 
satisfying a\\f\\p^ < \\f\\p^ < f3\\f\\p^ for all f e K, K = Kp, = Kp, and Pi - P2 
is a Hilbert- Schmidt class operator. Then the metaplectic representations <5'p^(A, *) and 
Qp^{X, *) ( ^^^P ■ Q'p^i^i *) o,nd Qp^iX, *)(cr 7^ a')) of Sp{oo, Pi) = Sp{oo, P2) are unitary 
equivalent, {resp. not unitary equivalent.) 
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